Abstract: The effect of antenna mutual coupling on signal correlation and bit error rate (BER) of a multiple-input multiple-output orthogonal frequency division multiplexing (MIMO-OFDM) system has been modelled. A MIMO-OFDM model with correlated channels is presented. The correlation matrices are determined with the antenna mutual coupling taken into account. The effect of antenna mutual coupling is characterised using the receiving and transmitting mutual impedances. A rigorous expression for the BER of the system employing quadrature phase-shift keying digital modulation is derived. A 2 Â 2 MIMO-OFDM system using the Alamouti space -time block code for OFDM symbol transmission over 64 sub-channels spanning a 20 MHz band centred at 5.2 GHz is simulated. The simulated results show that the antenna mutual coupling has a significant effect on the BER performance, especially when the spacing between the antenna elements is small.
Introduction
Recent years have witnessed an increasing demand for high data-rate wireless communication systems. In order to meet this demand, the combination of the multiple-input multiple-output (MIMO) technique with the orthogonal frequency division multiplexing (OFDM), leading to the MIMO-OFDM system, has been proposed [1, 2]. The MIMO-OFDM system is a spectrally efficient broadband wireless system which solves the frequency selective problem by dividing a wideband channel into multiple narrowband (frequency flat) channels using multiple carriers. Its high spectral efficiency is obtained by applying the MIMO technique for individual sub-channels. This is accomplished through the use of multiple element antennas at both sides of the communication link and a suitable signal transmission scheme.
Models for multipath signal propagation for assessing MIMO system performances were presented in [2 -4] .
In turn, analyses of MIMO-OFDM systems taking into account the signal correlation because of finite separation of antenna elements (spatial correlation) were presented in [5, 6] . Considerations were limited to antenna elements treated as independent and isolated sensors. Using this approach, the bit error rate (BER) performance of MIMO-OFDM system was presented in [7, 8] .
In practice, the spatial correlation is affected not only by finite spacing in antenna arrays but also by mutual coupling that exists between their elements. Taking this effect into consideration is of special importance especially in tightly spaced arrays. Only a limited number of works has dealt with assessing BER performance of MIMO-OFDM system under the influence of antenna mutual coupling. While dealing with the mutual coupling effect, correlation matrices based on the open-circuit definition of mutual impedance were employed [9] . However, it has been shown in [10] that the approach of receiving and transmitting mutual impedances is more appropriate to model the effects of mutual coupling in receiving and transmitting antennas. In particular, it has been shown that this approach produces more accurate results for mutual impedances than the one relying on the open-circuit definitions [11, 12] .
In this paper, we apply the concept of receiving and transmitting mutual impedances to determine the correlation matrices of the transmitting and receiving arrays and derive a rigorous formula for calculating the average BER of a MIMO-OFDM system operating under the influence of antenna mutual coupling. Based on this formula, we develop an algorithm to investigate the BER performance of this system. Simulation results on several typical scenarios will be presented.
System model

MIMO-OFDM system
We consider a MIMO-OFDM system with M T transmitting antennas, M R receiving antennas and K subcarriers, as shown in Fig. 1 . Each pair of transmitting and receiving antennas is assumed to have L independent signal delay paths with the same delay profile. In this system, the data to be transmitted are first encoded by space-time or space-frequency encoders into M T encoded blocks. Then, each coded block forms an OFDM block to be transmitted by the array antenna. At the receiving side, the signals received by multiple receive antennas are decoded using the channel state information, which is provided by a suitable channel estimation algorithm.
With respect to Fig. 1 , the received signals at the kth subcarrier are expressed as
where s is the average signal-to-noise ratio (SNR) at the transmitter end and s/M T is the SNR for each transmitting antenna. c(k) is a M T Â 1 column vector given as
T , where c i (k) (i ¼ 1, 2, . . . , M T ) represents the OFDM symbol transmitted over the kth subcarrier by the ith transmitting antenna. c i (k) is assumed to be zero mean and of unit variance, that is
T denotes the additive Gaussian noise vector with elements being complex Gaussian random variables all having a zero mean and unit variance. r(k) and w(k) are the M R Â 1 column vectors. H f (k) denotes the channel frequency response for the kth subcarrier between the transmitting and receiving antennas.
Correlated MIMO-OFDM channel models
The statistical characteristics of MIMO-OFDM channels are described as follows. The channel frequency response H f (k) in (1) is expressed as [13] 
where H l is a M R Â M T gain matrix corresponding to the lth path used in the tapped delay line model. To simplify the problem, the considered MIMO-OFDM channels are assumed to have only spatial correlation, whereas the other types of correlations such as temporal correlation [5] , frequency correlation and tap gain correlation [14] are temporarily ignored. According to [15] , the correlation structure of H l can be assumed as the Kronecker product of the transmitting and receiving correlation matrices. This assumption reasonably agrees with an experiment. The covariance matrix R H of H l can be expressed as
where r T and r R denote the transmitting and receiving correlation matrices, respectively. The expression given in (3) is accurate when the transmitting and receiving arrays are well separated so that the average characteristics of the channel response do not depend on the position of a particular antenna. Using (3), the channel matrix H l can be generated using the following relation [13] 
where G is a vector containing independent and identically distributed (i.i.d.) complex Gaussian elements with a zero mean and a unit variance. U and L are, respectively, the eigenvector matrix and eigenvalues matrix of the covariance matrix R H . p l is the average power distribution across the delay paths [15] .
BER performance under the influence of antenna mutual coupling
The following section provides derivations for BER of a MIMO-OFDM system that takes into account the antenna mutual coupling. This is done in two steps.
Average BER performance under the influence of spatial correlation
In a wireless multipath radio environment, the average BER performance under spatial correlation fading is obtained by averaging the conditional error probability over the probability density function (PDF) of the instantaneous SNR, g, at the receiving end, as given by (5)
where P(ejg) denotes the conditional error probability. Expressions for the conditional BER for several coherent and non-coherent modulation schemes have been reported in many previous studies, for example [16, 17] . Here, we assume the quadrature phase-shift keying (QPSK) digital modulation scheme as a signal modulation scheme of the system. Following the work concerning the conditional error probability for multiple phase-shift keying digital modulation schemes, [8] , we can derive the conditional BER for QPSK modulation as given by
where u stands for the component of phase shift which is uniformly distributed over the range [0, 2p), as defined in [8] . From this formula, it is apparent that the conditional error probability is a function of the instantaneous SNR, g. By substituting (6) into (5), the following is obtained
In (7), the integrand is the moment-generating function (MGF) of g. In general, MGF is defined as [17] (8) where E denotes the expectation operator and x is a realvalued random variable. By substituting (8) into (7), the following is obtained
From (9), it is apparent that the average BER can be expressed as the integral of MGF F g with the random variable g being the instantaneous SNR. The MGF F g can be rewritten as
From (9) and (10), the problem of determining the average BER under the influence of spatial correlation is simplified to calculating the output SNR at the receiving end in the presence of spatial correlation. The average SNR per symbol per each transmitting antenna has already been introduced in (1) and is given as s/M T . By defining the channel gain as H l F , where † k k F denotes the Frobenius norm, the instantaneous output SNR, g, can be calculated as
Next, substituting (4) into (11) leads to the following If the elements of G are denoted by g i, j and the elements of the eigenvalues matrix L are given as l i, j , (12) can be rewritten as
By substituting (13) into (10), we obtain a new expression for MGF F g as
Here, the elements of G are assumed to be i.i.d. complex Gaussian random variables with a zero mean and a unit variance. Therefore (14) can be simplified to
Now, by substituting (15) back into (9), the closed-form expression for the average BER under the influence of spatial correlation is obtained, as given by
where l i, j are the eigenvalues of the correlation matrix R H .
From (16) , one can see that P e is inversely related tol i, j . These eigenvalues become large when the spatial correlation becomes smaller. Therefore when the spatial correlation is small, P e also becomes small. This is the case when the performance of MIMO-OFDM system is improved. On the other hand, when the spatial correlation is strong, P e becomes large and the system performance becomes worse.
Average BER performance under the influence of antenna mutual coupling
The next step concerns the modification of elements of the correlation matrices due to the presence of antenna mutual coupling. To this purpose, we will apply the concept of receiving and transmitting mutual impedances, as described in [10] .
3.2.1 Receiving and transmitting mutual impedances: Fig. 2 shows a (M T , M R ) MIMO system.
In the presence of mutual coupling, the receiving antenna can be regarded as a coupled M R port network with M R terminals. Let
T be the vector of terminal voltages at the receiving antennas including the mutual coupling effect. Let further the terminal voltages at the receiving antennas without the mutual coupling effect be represented by the vector Using the concept of receiving mutual impedances, v R and u R are related by [11] 
where
Z L is the antenna terminal load impedance (assumed to be the same for all antenna elements) and
is the receiving mutual impedance between the ith and jth receiving antennas, as defined in [10] .
The signal coupling at the transmitting end can be modelled in a similar way. Assuming v T and u T denote, respectively, the terminal voltage vectors at the transmitting antennas with and without mutual coupling effect, v T has a similar relation to u T as that between v R and u R , namely
where 
and
is now the transmitting mutual impedance between the ith and jth transmitting antennas.
For the case of the two antenna arrays, the transmitting mutual impedance, Z T 1,2 between antennas 1 and 2, is defined as the voltage V 1 induced on the first (transmitting) antenna terminal load to the exciting current I 2 through the second (transmitting) antenna terminal load. That is
Note that the definition in (21) is similar to the conventional definition of mutual impedance [18] except that it now takes into account the antenna load Z L . The formulation of the coupled voltages v R and v T in (17) and (19) is much simpler than the corresponding formulation of the coupled received voltages in [19] . Also, as shown in [10] [11] [12] , the new concept leads to more accurate results for determining mutual coupling effects in transmitting and receiving antennas.
Total signal correlation and the average BER performance:
In a rich multipath environment, the propagation of multipath signals can be modelled using Clarke's model [20] . In this case, the elements of the transmitting and receiving correlation matrices r T and r R in (3) take the form of Bessel function [21] 
where d i, j is the antenna separation between the ith and jth antennas in the transmitting or receiving array. In an actual multipath environment, the mean angle-of-arrival (AOA) of the signal and AOA spread may also influence the signal correlation [2] . Here, we assume Clarke's signal model with AOA from all directions.
In order to include antenna mutual coupling effects in the channel correlation model, we need to recalculate the correlation coefficients by replacing the terminal voltages without mutual coupling effect u R and u T by the terminal voltages v R and v T [ (17) and (19) ] that take into account the mutual coupling effect. For the case of two transmitting and two receiving antennas (2 Â 2 MIMO case), the correlation coefficients with the antenna mutual coupling effect taken into account [22, 23] are given as
The variations of r MC(1,2) R and r MC(1,2) T with antenna separation are shown in Fig. 3 for the case of two monopole antennas with the length of 0.24l and assuming the wire diameter of 0.01l where l is the wavelength measured at the frequency of 5.26 GHz (the centre frequency of the IEEE 802.11a standard [24] ). While calculating the correlation coefficients, the value of terminal load impedance Z L was assumed as 50 V. All the transmitting and receiving mutual impedances between the antennas were determined numerically using the method of moments [25] . Note that the values of the correlation coefficients with antenna mutual coupling included are significantly different from the spatial correlation [values of Bessel function in (22) ]. The comparisons of results presented in Fig. 3 indicate that antenna mutual coupling cannot be ignored. Considerable differences are observed for the antenna spacing of up to one wavelength (1l).
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Once the antenna mutual coupling is correctly built into the correlation coefficients, the covariance matrix in (3) can be modified accordingly, that is (25) where r (23) and (24), respectively. Also by denoting the eigenvalues of the covariance matrix R MC as l MC(i, j) , the average BER in the presence of antenna mutual coupling effect can be expressed as
Equation (26) is the final result for the BER of MIMO-OFDM system with QPSK modulation scheme in which the antenna mutual coupling is taken into account. Note that the required eigenvalues l MC(i, j) can be calculated through (22) - (25).
Numerical results and discussion
This section presents a number of results that are generated using the derived formula for the average BER of MIMO-OFDM system operating under the presence of antenna mutual coupling effect. In simulations, the case of 2 Â 2 MIMO-OFDM is considered, with all antennas (transmitting and receiving) having the same dimensions as the two monopoles shown in Fig. 3 . As indicated earlier, the load impedance required for calculating mutual impedances is fixed to 50 V. It is further assumed that the antenna separations in the transmitting and receiving arrays are the same. The information bits are first modulated by a QPSK modulator. The Alamouti structured space-time block code (STBC) word [26] is then used to transmit the OFDM symbol. A channel bandwidth of 20 MHZ centred around 5.26 GHz divided into 64 subchannels is considered. Each data block contains 500 information bits. The results are obtained using 10 000 channel realisations.
Figs. 4 and 5 show the average BER performance against SNR of a MIMO-OFDM system when antenna elements in the transmitting and receiving arrays are separated either by 0.2l (stronger coupling condition) or 0.4l (weaker coupling condition), where l is measured at 5.26 GHz. When the antenna separation is 0.4l, the situation is reversed. The antenna mutual coupling effect increases the signal correlation and hence the eigenvalues of R MC become smaller. This increases the BER when antenna mutual coupling is taken into account. Looking further at both Figs. 4 and 5, it is clear that ignoring the existence of antenna mutual coupling is not acceptable when evaluating the performance of MIMO-OFDM systems. For example, in Fig. 4 , the average BER with antenna mutual coupling effect at SNR ¼ 14 dB is about 5 Â 10 25 while that without antenna mutual coupling effect is about 10 24 , a 100% difference. This observation leads to the conclusion that the previous analyses of BER that ignored antenna mutual coupling over-estimated the average BER by 100%. This is an unacceptably large error. Fig. 6 shows the average BER performance as a function of antenna separation from 0.1l up to 2.0l at SNR of 20 dB. It can be seen that antenna separation (and hence antenna mutual coupling) has a very significant effect on the average BER. At small antenna separations 0.1l-0.3l, antenna mutual coupling reduces the average BER tremendously from the case of ignoring antenna mutual coupling. At medium antenna separations 0.3l-0.5l, antenna mutual coupling increases the average BER compared with the case of ignoring antenna mutual coupling. At still greater antenna separations 0.5l-0.8l, the effect of antenna mutual coupling on BER reverses again. Therefore Fig. 6 shows how serious is the error of ignoring antenna mutual coupling in calculating the BER. It depends on the antenna separation (i.e. the strength of antenna mutual coupling effect). The results shown in Fig. 6 are clear that when the antenna separation is smaller than about 0.8l, ignoring antenna mutual coupling causes a significant error in determining the BER. However, when the separation is greater than 0.8l, this error becomes negligible.
Conclusions
The effect of antenna mutual coupling on signal correlation has been successfully modelled into the calculation of the average BER of MIMO-OFDM system. Using the concept of receiving and transmitting mutual impedances, the coupling matrices for the receiving and transmitting arrays have been obtained in a new way. A rigorous formula for evaluating BER performance of this system under the influence of antenna mutual coupling effect has been rigorously derived. Based on this formula, computer simulations have been performed. The results obtained under different degrees of antenna mutual coupling have shown that the antenna mutual coupling has a significant effect on the BER performance, especially when antenna separation is small (,0.8l). The presented approach should be found useful to investigate the BER performance of MIMO-OFDM systems that operate under correlated channel conditions. 6 References 
